ABSTRACT The paper presents a synthesis of fully canonical wideband bandpass filters with complex reflection zeros (RZs), which can realize the bandpass filters with the same number of transmission zeros (TZs) as the order of filters. Three functions are proposed to generate the general Chebyshev filtering function with complex RZs. A simple recursion technique is described for the generation of the polynomials for the filtering function with symmetrically or asymmetrically prescribed TZs. Then, a method for the direct extracting the elementary lumped elements of the modified inline topology circuit to yield a prescribed response is given. Two design examples demonstrating the soundness of the synthesis method are presented and one of them is implemented, fabricated, and measured.
I. INTRODUCTION
In the modern wireless communication systems, the radio frequency and microwave filter is one of the key passive components, which attracts great attentions from both academic and industrial communities. To meet the demands of filters with high performances from the rapid development of radio frequency systems, lots of efforts have been taken in researches about filters [1] - [19] .
In recent decades, many new technologies about filters are presented, such as stepped impedance resonator [1] , [2] , multiple-mode resonator [3] - [5] , composite right/left handed transmission line [6] , defected ground structure [7] , and substrate integrated waveguide technology [8] - [10] . These technologies contribute to designing filters and introduce some attractive features, such as low insertion loss, easier manufacture, compact size and wide stopband. Besides these works, the theory and synthesis of the filters have also been reported [11] - [15] . In [11] and [12] , Cameron gives schemes to derive the transfer polynomials for Chebyshev filtering function and the direct synthesis of the corresponding canonical network coupling matrices. On the basis of the former work, Smain Amari proposes a much simpler recursion relation for the computation of the generalized The associate editor coordinating the review of this article and approving it for publication was Qingfeng Zhang.
Chebychev filtering function [13] . These technologies are widely used in the design of narrowband microwave bandpass filters. For designing bandpass filters with moderate and wide bandwidths, a new theory of coupled resonator bandpass microwave filters of arbitrary bandwidth is proposed in [14] and the synthesis of fully canonical wideband bandpass filters is presented in [15] .
For [11] - [15] , the RZs are pure real frequencies by default. But in the actual circumstances, the simulated and measured results of bandpass filters often have complex RZs. According to [16] , the complex RZs will appear in lossy filter case and predistorted filter case. But in the practical realization of wideband bandpass filters, it has a little difference about RZs between lossy and lossless case when the quality factor of resonator is high enough. And in the predistorted filter case, the filters often have poor reflection loss. So these two cases cannot cover those practical wideband bandpass filters, which have obvious complex RZs with low insertion loss and good reflection loss. In [17] , a general method to obtain the transfer function of lossless filters with complex RZs is proposed. But this method to obtaining transfer function is complicated, and the level of reflection loss cannot be controlled.
In this paper, a general approach to the synthesis of fully canonical wideband bandpass filters with complex RZs is proposed. Firstly, three functions are constructed to generate the transfer polynomials of the general Chebyshev filtering VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ function with complex RZs. Secondly, a simple recursion technique to compute the polynomials for this filtering function is presented. By using this recursion technique, it is easy to achieve the polynomials with high accuracy and efficiency. Thirdly, a method for extracting the elementary lumped elements of the modified inline topology circuit is introduced. Compared with the previous works in [18] , [19] , the presented method in this paper does not need to extract the ideal transformer. Finally, two design examples are synthesized and one of them is designed, fabricated to validate the above synthesis principle.
II. GENERAL CHEBYSHEV FILTERING FUNCTION WITH COMPLEX REFLECTION ZEROS
For a passive, lossless, and reciprocal two-port network, for example the bandpass filter, the transfer function F N (s) and the conservation of energy formula are expressed as [16] 
where ε is the ripple factor.
Using (1) and (2), the transfer coefficient can be obtained as
The construction of the filtering function with complex RZs builds on the traditional approach, which is now summarized as follows.
A. TRADITIONAL FILTERING FUNCTION FOR WIDEBAND FILTERS
In [15] , a wideband bandpass general Chebyshev filtering function with source-load coupling network are derived as
where where z k (k = 1, . . . , N ) are TZs, ω 1 and ω 2 are the lower and upper angular band edges, respectively. And ε 0 is the rejection factor, which is used to adjust the out-of-band rejection for a given bandwidth and TZs. With the chosen ε 0 , the intermediate frequencies ω 1t and ω 2t can be calculated by the criteria
Although these functions can synthesize the fully canonical bandpass filters with arbitrary bandwidth, the roots of reflection polynomial are constrained to lie on the imaginary axis. So this method cannot describe the filters with complex RZs.
B. NEW FILTERING FUNCTION WITH COMPLEX REFLECTION ZEROS
Based on the knowledge of the existing filtering function in [15] , the new fully canonical filtering function F N (ω) with complex RZs should meet the following requirements.
1) The numerator and denominator polynomials of F N (ω) have real coefficients in s = jω.
2) The numerator polynomial of F N (ω) is of degree (2N + 2) and the denominator polynomial of F N (ω) is of degree (2N + 1).
3) The odd-order coefficients of numerator of F N (ω) are pure imaginary numbers.
In order to construct the new general Chebyshev filtering function with complex RZs, a new frequency function f ek (ω) is introduced as
Different from the frequency function f k (ω) in (5c), the odd-order coefficient of numerator of f ek (ω) is a pure imaginary number, which means that the numerator polynomial of F N (ω) will generate complex roots by using f ek (ω). For building the transfer function, there are two criteria that must be satisfied at the two edge frequencies of the passband (ω 1 and ω 2 ):
Because the number of variables in (8) is bigger than the number of criteria, the values of a k , b k , and c k can be determined flexibly. To simplify the method for getting the values of a k , b k , and c k , an equation of a k is presented as
where ω 1k and ω 2k are two factors used for regulating the value of a k . According to (7) and (8), a k should follow the criteria of
And when ω 1k = ω 1 and ω 2k = ω 2 , it can be obtained that
It can be easily verified that f ek (ω) satisfies the following properties.
1) At ω = z k , where z k is a finite-position prescribed TZ, or where z k is at infinite frequency (z k = ±∞),
To construct the new filtering function with f ek (ω), the two following functions are presented as
where
and
Although there are two conjugate complex solutions of g(x), g(x) can be defined to be a bijection artificially by choosing one of the two solutions as the unique one and do not affect the construction of function K 1 .
Based on f ek (ω) and K 1 , a new N th-order filtering function with complex RZs can be given by
According to the properties of f ek (ω), it can be confirmed that when |ω| = ω 1 or ω 2 , |F N (ω)| = 1, when ω 1 < |ω| < ω 2 , |F N (ω)| ≤ 1, and when |ω| < ω 1 or |ω| > ω 2 , |F N (ω)| > 1, all of which are necessary conditions for a Chebyshev response. The mathematical proofs of these conditions are outlined in the Appendix. It is worth noting that when all the b k = 0, the proposed filtering function (13) will degenerate to the traditional filtering function in [15] , which means that the traditional filtering function in [15] is a special case in the proposed filtering function (13).
III. RECURSION TECHNIQUE FOR COMPUTATION OF NEW FILTERING FUNCTION
To find the coefficients of the polynomials in the variable ω corresponding to the new filtering function F N (ω), a new function K 2 is derived as
According to (14) , the following equation can be obtained
then,
So, the new function K 2 can be derived as
Using (14) and (17), a recursion method is used to expand the filtering function as
The new filtering function F N (ω) in (13) can also be written in a rational form as a ratio of two polynomials as
Once all the TZs are known, a recursion relation for its numerator r N (ω) can be established to compute the proposed VOLUME 7, 2019 FIGURE 1. Proposed circuit topology of Nth-order fully canonical wideband bandpass filter.
filtering function. The recursion relations are presented as follow:
when N ≥ 2,
Compared with the filtering function derived in [15] , the complex RZs in passband can be achieved in the proposed one. Because the solutions of g(x) are conjugated and chosen by users, the final expression of the filtering function also has multiple possibilities. From the equation (28), there are total 2 N −1 kinds r N (ω) for the new filtering function with the fixed N -TZs. The main difference between those filtering functions is the positions of complex RZs. It should be mentioned that the common denominator of S 11 and S 21 can only be obtained by using the conservation of energy equation rather than alternating singularity method because the RZs are complex numbers.
IV. MODIFIED LUMPED ELEMENT CIRCUIT TOPOLOGY AND EXTRACTING METHOD
In [18] , [19] , a systematic synthesis of lumped element circuit topology and extracting method for fully canonical wideband bandpass filters with N -TZs on both sides of the passband have been presented. But it needs to extract an ideal transformer, which should be absorbed into network.
To avoid extracting the ideal transformer, a modified circuit topology is proposed in Fig. 1 . A T-shaped inductor network in the center of the modified circuit topology is presented, as shown in Fig. 1. Fig. 2 illustrates three basic circuit extraction operations: 1) extracting a series inductor and a parallel connected LC series circuit; 2) extracting a shunt inductor and a serially connected LC tank; 3) extracting a T-shaped inductor network. The extraction operation 1) and 2) can be obtained in [19] . For the circuit in Fig. 2(c) , since the shunt inductance is not totally extracted after extracting all resonators, the remainder still possesses a TZ at dc, which means that the remainder ABCD matrix shares a common denominator s. Therefore, from Fig. 2(c) , the left elements 
Solving (30) leads to
After determining the arrangement of TZs, an entire extraction procedure can be summarized as follows.
1) Extracting L ai , L ri , and C ri in order from the largest TZ until the T-shaped inductor network. 2) Reversing the reminder circuit and repeating the operation (i). 3) Reversing the reminder circuit and extracting L t1 , L t2 , and L t3 with (31).
V. DESIGN EXAMPLES
To illustrate the proposed synthesis theory, two design examples of wideband bandpass filters with complex RZs are presented. The first design example is a fourth-order wideband bandpass filter with operating frequency range from 1. Fig. 5 is shown in Fig. 6 . In Fig. 4 and Fig. 6 , excellent agreement is obtained between the filtering function and lumped element circuit in passband and wideband frequency range, which confirms the effectiveness of the proposed modified topology and above extracted method. It is obvious that proposed filtering functions generate complex RZs while keeping the good return loss, as shown in Fig. 4 and Fig. 6 .
An experimental fourth-order bandpass filter based on example 1 is designed and fabricated on Taconic RF-35 (tm) substrate with a thickness of 0.508 mm, a relative dielectric constant of 3.5, and a loss tangent of 0.0018. According to the methods in [18] , [19] , the finally distributed circuit can be obtained in Fig. 7 . The finally extracted element values of the distributed element circuit are listed in Tables 3. The series inductors and parallel connected LC series circuits can be converted into distributed circuit by using the conversion process in [18] . By using the calculation formula of planeparallel capacitor, the physical dimensions of fan stub can be obtained:
where ε r is the relative permittivity of substrate, ε 0 is the vacuum permittivity, α is the radian of the fan stub, r is the radius of the fan stub and h is the height of substrate. Fix the radians of the fan stubs to be 70 • , the initial radii of the fan stubs can be calculated (r 1 = 5.51, r 2 = 8.48, r 3 = 7.43, r 4 = 6.40). Due to the presentation of the T-shaped inductor network, the shunt inductor L t3 only can be converted to transmission line structure by neglecting the shunt connected capacitors. Although it will cause the mismatch between the lumped element model and distributed element model, it can be revised by tuning parameters. The layout and the photograph of the fabricated filter are shown in Fig. 8 . The simulation was carried out using the EM simulation software High Frequency Structure Simulator (HFSS). And frequency responses of simulated and measured results of the fabricated bandpass filter in passband and wideband frequency range are shown in Fig. 9 . The measured insertion loss is about 0.66 dB at the lower band edge of 1.5 GHz, 0.6 dB at the center frequency of 2 GHz, and 1.7 dB at the upper band edge of 2.5 GHz. The difference between frequency responses of theoretical and simulated results is mainly due to: 1) the ideal lumped elements do not exist in reality and the distributed circuit elements depend on the frequency; 2) there are some parasitic parameters in the practical structure. The discrepancies between simulated and measured results are mainly attributed to the possible tolerance in fabrication and implementation.
Comparison between the example 1 in this paper and thestate-of-the-art wideband bandpass filters with wide upper stopband is shown in Table 4 . As it can be seen, the designed filter performs well in getting a wide and deep rejection over the upper stopband with low-order and distributed circuits.
VI. CONCLUSION
A systematic synthesis of fully canonical wideband bandpass filters with complex RZs was presented in this paper. The construction and a simple recursion relation for the computation of the filtering function are described in detail. A modified lumped element circuit topology and extracting method are introduced to realize the filters practically. Two design examples with different orders have been presented to illustrate the proposed synthesis method and one of them is implemented, fabricated, and measured to provide an experimental verification.
APPENDIX
In this section, the necessary conditions for F N (ω) with a Chebyshev response are proved as followed.
To simplify the procedure of proof, the variable ω is omitted in writing.
According to (13) , 
assuming |F N −1 | > 1, based on Cauchy-BuniakowskySchwarz Inequality and Fundamental Inequality, (A4) may be rewritten as (A5), as shown at the top of this page. Because F 1 > 1, using recursive technique, it can be concluded that when |ω| < ω 1 or |ω| > ω 2 , |F N | > 1.
3) When |ω| = ω 1 or ω 2 , |f ek | = 1, |F 1 | = 1, using recursive technique, it can easily conclude that |F N | = 1.
